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1. Introduction and statement of the main result 

Let M be a compact manifold of dimension n > 3 and let A; > 1 be an integer such 
that fc < ^ if n is even. In their celebrated work, Graham- Jenne-Mason-Sparling 
|15| provided a systematic construction of conformally invariant operators (GJMS 
operators for short) based on the ambient metric of Fefferman- Graham [121 US]- 
More precisely, letting 7W be the set of Riemannian metrics on M, then for all 
g e M, there exists an operator Pg : C°°{M) C°°(M) such that 

(i) Pg is a differential operator and Pg ~ + lot 

(ii) Pg is natural, that is ^p*Pg = Pip'-g for all smooth diffeomorphism ip : M ^ M . 

(iii) Pg is self-adjoint with respect to the L^— scalar product 

(iv) Given uj G C°°{M) and defining g — e'^^g, we have that 

(1) Pgif) = e-^'^Pg (e^"/) for ah / G C°°(M). 

Here Ag := — divg(V) is the Laplace-Beltrami operator and lot denotes differential 
terms of lower order. Point (iii) above is due to Graham- Zworski [16| . For instance, 
on M" endowed with its Euclidean metric one has that P^ — A|. There is 
a natural scalar invariant, namely the Q— curvature, attached to the operator Pg: 
this scalar invariant, denoted as Qg, was initially introduced by Branson and 0rsted 
[7] for n = 2A; = 4 and generalized by Branson [H [5]. When /c = 1, the GJMS 
operator is the conformal Laplacian and the Q— curvature is the scalar curvature 
(up to a dimensional constant). When k — 2, the GJMS operator is the Paneitz 
operator introduced in [JB]. When n ^ 2k, the Q— curvature is Qg := ^_^^^, Pg(l): 
when n — 2k, the definition is much more subtle and involves a continuation in 
dimension argument (we refer to the survey Branson-Gover [6] and to Juhl |20] 
for an exposition in book form). In the spirit of classical problems in conformal 
geometry, our objective here is to prescribe the Q— curvature in a conformal class; 
that is, given a conformal Riemannian class C on M and a function / G C°°{M), 
we investigate the existence of a metric g G C such that Qg = f ■ As one checks (see 
Proposition [3] below), up to multiplication by a constant, this amounts to finding 
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critical points of the perturbation of the Hilbert functional 

C ^ R 

^ Im Qa dvg 
^ Vf{M,g)^ 

where Vf{M,g) := Jj^^j f dvg is the weighted /—volume of {M,g). This structure 
suggests to apply variational methods to prescribe the Q— curvature and we define 



Hf{C) inf 



Im Qg dvg 



9ecVfiM,g) — 
Given a metric g ^ C, the conformal class can be described as 

C = {e2".g/w G C°°{M)}. 
We assume that n > 2k: in this context, it is more convenient to write a metric 

4 

g £ C as g — u"^^g with u £ C^{M), the set of positive smooth functions. With 
this paramctrization, we have that 

C = {u^^g/u£C^iM)}, 

and the relation ([T]) between Pg and Pg rewrites 

(2) Pg^ ^ U^-^* Pg{u^) 

for aU ip £ C°°iM), where 2* :— ^^"^^k ■ Therefore, taking 93 = 1, we have that 

PgU ^ — - — QgU^ ~^ m M 

4 

where g = w-^*; and then finding a metric in C with / as Q— curvature amounts 
to solving the variational elliptic equation PgU — ^^H^fu^ ~^ . Despite this elegant 
variational structure, this question gives rise to a crucial intrinsic difficulty due to 
the essence of the problem, that is the conformal invariance of the operator. More 
precisely, in the spirit of Bourguignon-Ezin [3] , Delanoe and the author proved in 
[S] that 

/ X{Qg)dVg=Q 

J M 

for all conformal Killing field X on (M, C). When = 1, this is the celebrated 
Kazdan- Warner obstruction |21j to the scalar curvature problem. In particular, 
if <y5 e C°°(S") \ {0} is a first eigenfunction of the Laplace-Beltrami operator on 
the standard sphere (§",/i), then for any e ^ Qh + f-P is not achived as the 
Q— curvature of a metric in the conformal class of the standard sphere. Therefore, 
a function can be arbitrarily close to a Q— curvature but not be a Q— curvature 
itself: the prescription of the Q— curvature is then a highly unstable problem, and 
its underlying analysis is intricate. We refer again to [S] for considerations on the 
structure of the set of Q— curvatures. In the case fc = 1 and n > 3, the problem of 
prescribing a constant Q— curvature is known as the Yamabe problem: it is not the 
purpose of the present article to make an extensive historical review of the famous 
resolution of this problem, and we refer to Lee-Parker [22] and the references therein. 
Concerning fourth order problems, that is for fc = 2, there has been an intensive 
litterature on the question: here, we refer to the recent surveys of Branson-Gover 
[6], Chang [8], Malchiodi [24] and the references therein. 
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In the sequel, we will say that a function is admissible if it can be achieved as the 
Q— curvature of a metric in a given conformal class. As seen above, some functions 
on the sphere are not admissible for the standard conformal class. Moser [23] 
had the idea to impose invariance under a group of isometrics to find admissible 
functions on the sphere for the scalar curvature problem in 2D. This strategy was 
also used by Escobar-Schoen [11] and Hebey in higher dimensions. In the same 
spirit, Delanoe and the author [9] proved that a function on the sphere which is 
close to Qh and invariant under a group of isometrics acting without fixed point 
is admissible. In the present article, we relax the condition of being close to Qh 
by imposing cancelation of some derivatives (see Theorem [3] below). In the specific 
case n — 2k + 1, very few is required; this is the object our main result: 

Theorem 1. Let k > 1 and let G be a subgroup of isometries of Let 
f e C°° {M) he a positive G— invariant function and assume that G acts without 
fixed point (that is \Og{x)\ > 2 for all x G S^'^+^^. Then there exists g G [h] such 
that Qg — f and G C Isomg{§"). 

When k — 1,2, this result is due respectively to Hebey |T8| and to the author 
|27| . This theorem is a particular case of more general results proved on arbitrary 
conformal manifolds (see Proposition |8] and Theorem [3] below). In this article, we 
make a general analysis of the operator Pg and of the blow-up phenomenon attached 
to it on arbitrary conformal manifolds. In the last section, we apply this analysis 
to the conformal sphere. 

Acknowledgement: This work was initiated when the author was visiting the 
Technische Universitat in Berlin supported by an Elie Cartan followship from the 
Stiftung Luftbriickendank. It is a pleasure to thank the Differential Geometry team 
in TU, in particular Mike Scherfner, and the Stiftung for their support and kind 
hospitality. The author also thanks Andreas Juhl for fruitful discussions on this 
work. 

2. Miscellaneous on the operator Pg 

The operator Pg can be written (partially) as a divergence form (we refer to 
Branson-Gover [B]): as a preliminary step, we precise this divergence form that will 
be useful in the sequel: 

Proposition 1. Let Pg be the conformal GJMS operator. Then for any I G 
{0, fc — 1}, there exists j4(;)(g) a smooth T2i^ tensor field on M such that 

fc-i 

(3) Pg = A^^ + 5](-l)'V^'-^'^(A(;)(5).,....,,,...,,V*-*'), 

where the indices are raised via the musical isomorphism. In addition for any 
I 6 {0,...,fc — 1}, A(i){g) is symmetric in the following sense: A^i-){g){X ^Y) = 
Ai^i^{g){Y,X) for all X,Y Tq — tensors on M. In particular, we have that 

(4) / uPg{v)dvg= I [A|uA|T; + ^'A(;)(g)(V'u,V'i>)) d«g 
Jm Jm \ / 

for all u,v £ G°°{M). Here, we have adopted the convention 
aIuaIv := (VAg^u, VA7^t;)g 
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when k is odd. 

Proof. The proof uses only the self-adjointness of the operator Pg. In the sequel, 
we note A* the adjoint of any operator A with respect to the L^— product. As a 
preliminary, we compute the adjoint of some elementary operators. We adopt here 
Hamilton's convention |17j : the notation A-k B denotes a linear combination of 
contraction of the tensors A, B, g and g^^. Given B a smooth T^— tensor field on 
M, we consider the operator Bu := B ■ Vu = V*i - '«u for all u £ C°°{M). 

We claim that 

9-1 

B* = (-l)«S + ^V'u*V«^'S. 

1=1 

We prove the claim. We let u,v € C°°{AI) be two smooth functions on Af. Inte- 
grating by parts, we have that 

uBvdvg = [ uB,,,„,^V'' -'^vdvg^{-iy [ \/'^ -'^{uB,,,„,Jvdvg 
Therefore, i3* is defined and 



z=o 



9-1 
1=0 

For any smooth tensor field T, we define Asym{T){X,Y, ...) := T{X,Y,...) — 
T{Y, X, ...). It follows from the definition of the curvature tensor that 

AsymiW'^T) ^TirR, 

where R is the curvature tensor. Therefore, for any permutation a of {1, g}, we 
have that 

(5) V^u-cr- Vu^ V^^u^i?, 

where a ■ T permutes the variables of the covariant tensor T along cr. Therefore, we 
have that V'«' ' ^lu — V*! '*'?/ is a contraction of V'~^m, and therefore we get that 
B* = { — l^B + lot. This proves the claim. 

We are now in position to prove Proposition [TJ It follows from the definition 
of Pg that there exists B, a smooth Tj^.^]^— tensor field on M, such that PgU = 
A^u + Bu + lot for all u € C°°(M). Since Pg and Ag are self-adjoint, we then get 
that 

Pg = P* = A'; + B* + lot ^A^g-B + lot 

since 2fc — 1 is odd. In particular, Bu = lot and therefore, Bu = for all u £ 
C°°(M). 

We now take C a smooth (2fc-2, 0)-tensor field such that Pg = A^ + C ■V^''-'^ +lot. 
We define A as the symmetrized tensor of C, that is via coordinates A(X, Y) — 
{-1)''-^^{C{X,Y) + C{Y,X)) for ah X,Y any To'^^^-tensors on M. As easily 
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checked, since changing the order of differentiation involves only lower order terms 
via with ([5]) , we have that 



1=1 



and then 



Iterating these steps yields (|3]). Integrating by parts then yields (j4]). □ 

Define the norm ||m||//2 := X]f=o ll^^'^lb and the space H^{M) as the completion 
of C°°(Af) for the norm || • \\hI- a consequence of (|H), we get that the bilinear 
form (w, v) 1—^ /^^ uPgV dvg extends to a continuous symmetrical bilinear form on 
Hl{M) X Hl{M). We say that Pg is coercive if there exists c > such that 



/ uPgudvg>c\\u\\liova\\ueHl{M). 
J M 



We then define the norm ||w||pg := J^j^i uPgudvg for all u e H^{M) 



Proposition 2. Assume that Pg is coercive. Then ||-||pg is a norm on equivalent 
to II • WhI- 

Proof. Clearly ||-||pg is a norm and there exists C > such that ||-||pg < C'||-||^2. We 
now argue by contradiction and we assume that the two norms are not equivalent: 
then there exists (Mi)i£N G Hl{M) such that 

(6) IIm^IIh^ = 1 and ||u,||pg = o(l) 

when i — > +oo. Up to a subsequence, still denoted as (u^), there exists u £ H^{M) 
such that Ui ^ u weakly in H'^{M) and Ui ^ u strongly in H'^_^{M) when i — ?> +oo. 
The coercivity of Pg yields ||ui||2 = o(l) when i — s> +cxd, and then ?i = 0. Therefore, 
we have that 

(7) Ui^Q weakly in HI{M) and strongly in HI_^{M) 
when i — ?• +oo. Consequently, ([B]) rewrites 

(8) lim / iV'^M^I^dug = 1 and lim / [l^] dv g ^ Q . 

The contradiction comes from a Bochner-Lichnerowicz-Weitzenbock type formula. 
Here again, we use ([5]). We fix u,w G C°°{M): we have that (the notation a = b 
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means that the terms are equal up to a divergence) 

= -g'''^\..g'"'''>'Va,...c.,0,a,u\/0,...p,V + \/''-^UirV''~\i.R 

= g"-^-...g'"'f'>'V^,,„^^AguV0,...p,v + V'^-'u * V'^-'v * R 

the same procedure appUcd to (V'^^^v, V'^^^ Agu)^ yields 

+V''-^u ★ V'^-^i; 7^ i? + V'^"^ Agii ★ V'^^^^t; ★ R. 
Taking u = v = Ui, integrating over M and using ([7]) yields 

/ iV^u^dvg^ f iV'^-^AgU^dvg + oil) 
Jm Jm 

when i — !■ +cxd. Iterating this process and considering separately the cases k odd 
and k even, we get that 

\y''u,\ldVg^ [ {Alu,)^dVg+0il) 

IM JM 

when i — > +oo. This is a contradiction with (jS]) and Proposition [2] is proved. □ 

3. General considerations on the equivariant Yamabe invariant 

We let (Af, C) be a conformal Riemannian manifold. We let G C Diff{M) be a 
subgroup of diffeomorphisms of M. We define 

Co {g eC/Gc Isomg{M)}, 

and we assume that Cq / 0. As easily checked, for any g e Cq, we have that 

CG^{e'-g/ioeC^{M)} 

where C^lfl) = {oj E C°°{M)/ ut o a = oj ioi all a G G} is the set of G— invariant 
smooth functions on M. We assume that n > 2k: in this context, it is more 

4 

convenient to write a metric 5 G C as 5 = u"-^'' g with u G G^(M). The relation 
between Pg and Pg is given by ([2]). With the new parametrization, we have that 

CG^{u^g/ueC^,4M)}, 

where Gg;+(Af) := {u G C^{M)/ u > 0}. Let / G G^+(Af) be a smooth positive 
G— invariant function. By analogy with the Yamabe invariant, we define 

. ■ r Im Qa 
^ifiCG) := mf — 

9eCGVf{M,g)^ 

where Vf{M,g) is the /—volume defined in the introduction and 2* :— We 
fix g G Cg: as easily checked, we have that 

2 

^■'^ n~2k uecgAM) ' 
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where 



for all w e i7|(M) \ {0} 



a) 



Proposition 3. A metric g G Cq is a critical point of the functional g '^^ '^'"2 

VfiM,g)Vr 

if and only if there exists A G K. such that Qg = A/. 

Proof. We fix g £ Cq and 1 1-> g{t) G Cg a differentiable family of metrics conformal 
to g such that g{0) — g. In particular, there exists a differentiable family 1 1— > u(t) G 
Cg;+(M) such that g{t) = u{t)^^g and ^(0) = 1. We define ii := m'(0). Using 
the self-adjointness of Pg, straightforward computations yield 

' /m Qm dVg(t) \ _ „ Im u {Qg - fQi) dvg 



Vf{M,g{t))^ J ^" VfiM,git))^ 

where 

_ Im Qg '^^g 
Vf{M,g) ■ 

Since m is G— invariant, the function ii ranges Cq{AI). Fix v G C°°(Af) and let 
be its symmetrization via the Haar measure. We then define u(t) := 1 + tvQ for all 
f G K: since / and Qg are G— invariant (this is a consequence of point (ii) of the 
characterization of Pg and of the definition of Qg), we get that 

^ {Qg ~ iQi) dVg ^ f VG {Qg - fQl) dVg^ f V {Qg - fQf) dVg. 

M Jm Jm 

Therefore, g is a critical point if and only if Qg ~ fQg- This proves Proposition 
H □ 

To carry out the analysis, coercivity and positivity preserving property are required. 
More precisely, we assume that there exists g G C such that 

(G) the operator Pg is coercive 
(PPP) for any u G G°°(M) such that Pg >0 then either u > or m = 

Note that (G) and (PPP) are conformally invariant: they hold for some 17 G C iff 
they hold for all 5 G C. 

Proposition 4. Assume that the metric g is Einstein with positive scalar curvature 
and n > 2k, then Pg satisfies (G) and (PPP). 

Proof. This relies essentially on the the explicit expression of the GJMS operator 
in the Einstein case: see Proposition 7.9 of Fefferman- Graham [13] and also Gover 
[13] for a proof via tractors. Indeed, for an Einstein metric g, Pg expresses as 
an explicit product of second-order operators with constant coefficients depending 
only on the scalar curvature. For positive curvature, a direct consequence is that 
Pg satisfies (PPP) by k applications of the second-order comparison principle. 
Moreover, still in this case, since Pg = S{Ag) with S a polynomial with positive 
constant coefficients, it follows from Hebey- Robert [IH] that the first eigenvalue of 
Pg is S'(O) > (0 is the first eigenvalue of Ag), and then Pg satisfies (G). □ 
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Due to the lack of compactness of the enibeddmg H'^(AI) ^ (M), it is standard 
to use the subcritical method. Given q e (2, 2*], we define 



for ah u e F2(M) \{0}, and 



ueHl^iM)\{0} 

where q{M) {u e Hl{M) / uo a — u a.e. for aU a G G}. The first resuh is 
that /iq is achieved at a smooth positive minimizer when q < 2*: 

Proposition 5. We fix q E (2,2"^), we assume that (C) and {PPP) hold and that 
Cc 7^ 0- Then fiq > Q is achieved. Moreover, there exists Uq S Cq'j^{M) a smooth 
positive function such that Hq ~ Ig,q{uq) and 

(9) PgUq = ^iq^ul-^ m M with ( fuldvg = 1. 

J M 

Proof. Since Pg is coercive, the norms || • \\fj2 and || • are equivalent, and then, 
it follows from Holder's and Sobolev's inequality that 



(10) U/'"'''^''v - Ua/ V Ia/'"' 

2 _ _2_ 2_ — 2 

and then Ig^q{u) > (C)"^ (/^^^ / dvg) " for ah u e -ff^(M) \ {0}, and therefore 
fiq > 0. The existence of a minimizer is standard and we omit it. Let us take then 
u G q{M) \ {0} be a mimimizer. Without loss of generality, we can assume that 

J,, flu'l" dVg ^ I. 

The Euler-Lagrange equation for Ig q yields I'g q{u)(p = for all ip G H^q{M). 
Using the Haar measure and arguing as in the proof of Proposition [3] (see also 
|18j). we get that this equality holds for all (p G Hl{M). Since the exponent q is 
subcritical, we get with standard bootstrap arguments that u G C'q^{M) and PgU = 
^qf\u\'^~'^u. We are left with proving that u > or w < 0. We let v G C'QiM) be 
such that PgV = \Pgu\ in M . Since u ^ 0, it follows from {PPP) that v > \u\ and 
V > 0. Using again the definition of /i^, we have that 

^ Jm^^^W^_ Im fv\u\''~^ dvg 



< 



ilMf^'dVg)' {J^J\u\^dVg)'^ 



ilMf^'dVg)^ 

< f^q(^J f\^\''dvg^ = since w > |u| 



Therefore equality holds everywhere and |u| ^ v > 0. In particular u does not 
change sign, and we can assume that it is positive. Bootstrap and regularity theory 
(see [1]) then yield u G Cq_^_{M), and Proposition [5] is proved with Uq :— u. □ 
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Proposition 6. We claim that limg^2* ^J■q — = " 2 ^ /(^q)' 

Proof. Using the Holder's inequality PU)) . we get that 

Ig,2*{u) < Ig^g{u)Vf{M,gf^-^ 

for all u e Hl{M) \ {0}, and then ^2* < IJ-qV/iM^g)^^^, which yields /X2* < 
liminfg_j.2* Mg- Conversely, fix e > and let u e H^q{M) \ {0} be such that 
Ig,2*(u) < /^2* + £■ Since limg_j.2* Ig,q{u) — Ig,2*iu), we then get that there exists 
qo < 2* such that /ig < fi2* + e for q e (go, 2*), and then limsupg^2* /^ij ^ 
Therefore, limg^2* = /^2* • 

For g G (2,2*], we define ^g_+ inf {/g ,j(u)/ u e HI q{M) \ {0} and u > a.e.}. 
Arguing as above, we get that limg_j.2* /ig,+ = M2*,+ - Since /ig_+ = /ig for all q < 2* 
with Proposition [SI we then get that ^2* = M2*,+ - 

We claim that fJ.2*,+ = ""^^'' ^/(Cg). Indeed, via local convolutions with a positive 
kernel, we get that C^{M) is dense in + for the i?^— norm. A symmetriza- 
tion via the Haar measure then yields that Cq_^{M) is dense in q + {M): clearly 
this yields /i2*,+ = ""^^^ ^/(Cg), and the claim is proved. □ 



We define £)^(R") as the completion of C^(R") for the norm u i-> ||A| u||2 and we 
define 



(11) ITTZTT^--^ _„inf 



1 . . LA^I^?dv^ 



Kin, k) ■ „eDi(R")\{o} (j^^ |y|2* • 



It follows from Sobolev's embedding theorem that K{n, k) > 0. Moreover, it follows 
from Lions }23| that the infimum is achieved by [/ : a; i—> (1 + |x|2)'=-t, and that 
all minimizers are compositions of U by translations and homotheties. 

Proposition 7. We have that 

\Og{x)\'^ 



(12) t^fiCc) < 777- 

^ ' "^^^ - n-2k f{x)^K{n,k) 

for all X € M, where \Og{x)\ denotes the cardinal (possibly 00) of the orbit Ocix). 

Proof. We fix a; G M. Without loss of generality, we assume that m := |OG(a;)| < 
+00 (otherwise is clear). We let ai = Idui ■■■i<^ra G G be such that Oq{x) = 
{xi, Xm} where Xi = <Ji{x) for all i G {1, m} are distinct. We let u G C^(R") 
be a radially symmetrical smooth function and we define for e > small the function 

Ue,i{z) :— u ^-exp~.^(z)^ if dg{z,Xi) < ig{M) and otherwise. 

Clearly, u^^i G C°°{M) for e > small enough. We now define 

m 
i=l 

As one checks, since u is radially symmetrical, we have that G Cq{M) is 
G— invariant for e > small enough. 
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Let US compute /g,2*(ue). We fix 5 e (0,ig(Af)) and we define tfie metric ge 
(exp*)(e-): since tlie elements of G are isometrics (and then Pg = PrT*g = <^*Pg for 
all (7 G G) and the u^ ^s have disjoint supports, we get that 

m ^ m ^ 

U^PgU^ dVg = y2 ^e.i^g^ej ^^ff = X! / Ue,iPgUe,i dVg 



m „ 

V / o cr,rlPg(u,^i o cr^l) dVg 

m / Ue^iPgUe^idvg = me^"^^ I uPg^udVg^ 



JBsix) "'3,-15(0) 

since lime_j.o 5c = S,, the Euclidean metric, we get that 

[ u.PgU^ dvg = e""2fe I (A|if)2 dv^ + 0(1 

JM \ JR" 

when e — > 0. Similarly, using the G— invariance of /, we get that 
/ f\u,f dvg = e" (mf{x) f \uf dv^ + o{l)] 

JM \ JR" J 

when e — > 0, and then 



Iga* K) = ——2 ^ + 0(1) 

/w^ {!^^\urdv^)^ 

when e — >■ 0. Therefore, since fif{CG) — taking the limit e — ?> and taking the 
infimum on the u's, we get that 

/^2* < 2 ■ mf ^= 5- 

fix)^ uec~(R")\{o} radial (jj^^ |u|2* dw^)^ 

It follows from Lions |23j that the infimum K{n, k)^^ is achieved at smooth radially 
symmetrical functions, therefore we obtain (fT2|) . □ 



4. The quantization of the formation of singularities 

The objective of this section is to prove the following result: 

Theorem 2. Let {M,C) be a conformal Riemannian manifold of dimension n >S 
and let fc G N* 6e such that 2k < n. Let G he a group of diffeomorphisms such 
that Cg ^ and let f G Cq_^{M) be a positive G~invariant function. Assume that 
there exists g £ C such that Pg satisfies (G) and (PPP). For any q G (2,2*), we 
let Uq G Cq_^{M) as in Proposition^^ Then: 

(i) either limsup^_j^g^ ||^iq||oo = +00, and there exists x G M such that \7 f{x) = 
and 

^_ |Qg(x)|^ 
^f^^'"'' n-2k' f(^^)^K{n,ky 

(ii) or 1 1 1 1 00 < G for all q < 2* , and there exists u G C'q^{M) such that 
limq^2* Uq = u in C'^^{M) and PgU = ^^^'^ fif{CG)fu'^* in M. Ln particular, 
there exists g G Cg such that Qg = / and the infimum fj,f(CG) is achieved. 
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This type of result is classical. The proof of Theorem [2] goes through nine steps. 
For q G (2,2*), we let Uq G Cq_^_{M) be as in Proposition [5] (this is relevant since 
(C) and {PPP) hold). 

Step 1: We assume that there exists C > such that ||wij||oo < C for all q < 2*. 
We claim that (ii) of Theorem [2] holds. 

We prove the claim. Indeed, it follows from Proposition [51 the uniform bound 
of {uq)q in and standard elliptic (see for instance 1 ), that, up to a subse- 
quence, there exists u G C^'^(M) nonnegative such that limg^2* Uq = u in C^'^(Af): 
therefore, PgU = ^2*/u^ in M and Jj^jfu^ dvg = 1. In particular, PgU > 
and u ^ 0, and then it follows from (PPP) that m > 0. Since Uq is G— invariant 
for all q G (2,2*), we get that u G Cq_^_{M). Moreover, Ig{u) — ^2*, and then 

4 

the metric u^-^*' g is extremal for fj,f{CG)- it then follows from Proposition [3] that 
g ■= {fif{CG))^^'^u^^^g is also an extremal for fj,f{CG) and Qg = f. This ends Step 
1. 

From now on, we assume that limsup^^2* ll'"<?lloo = +00. For the sake of clearness, 
we will write (ug) even for a subsequence of {uq). For any q G (2, 2*), we let Xq & M 
be such that 

(13) Ua(xn) — maxuo and lim Ua(xn) ~ +00. 
We define 

2_ g-J^ 

aq := Uq{xq) "-^^ and jSq := a| ^ 
for all q G (2, 2*). It follows from ^ that 

(14) lim Uq — Q and fiq > aq for q — > 2*. 

g— >2* 

We define 

Tl-2fc 

(15) Uq{x):=aq^ Uq{exp^^{l3qx)) 
for aU X G 5^-1^(0), where 6 G (0,ig(M)). 

Step 2: We claim that there exists u G C^'''(R") such that limg^2* itg = w in 
Cf^^iM.") where 

(16) < u < w(0) = 1 and A^u = M2* /(a^oo)^^*"^ in M", 
and Xoo liing^2* a;^. 

We prove the claim. It follows of the naturality of the geometric operator Pg and 
of ® that 

(17) Pg^Uq = /i,/(exp^^(^q-))"q in B^-ig{0) 

for all q G (2,2*), where gq := {exp*^g){(3q-). In particular, since the exponential 
is a normal chart at Xq, we have that limg_j.2* gq — £, in Cf^^{M."). Since < < 
Uq{0) — 1, it follows from standard elliptic theory (see for instance [I]) that there 
exists u G C^'^(M") such that hmg^2* Uq — u in Cfj^(IR"). In addition, using that 
= A^, passing to the limit in (IT7)) yields p^ . This proves the claim. 

Step 3: We claim that there exists C > such that 

(18) aq<l3q< Caq 
when g — 2*. 
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We prove the claim. We fix i? > and we let q be in (2, 2*): a change of variable 
and Sobolev's embedding yields 



JBii(O) \PqJ JBRg(x,) \PqJ 



2* 
iWPc 



for all q G (2, 2*). Using ([9|) and Proposition [6l letting q — s- 2*, we get that 



9/ iB«(0)" 



when q ^ 2*. Since u{0) > 0, we the get that /3q = 0{aq) when q ^ 2* . This 
inequality combined with (fH|) yields ([TS]). This proves the claim. 

Step 4: We claim that uG Dl(U.'^). 

We prove the claim. Indeed, for all i € {0, k}, it follows from (ITSl) and a change 
of variable that || V'-u,||LPi(BH(o)) < C*!! V''uq||LP.(B„^_^(^^)) < \\\/'uq\\LPi{M) for ah 
g G (2, 2*), all i? > and where :— . It follows from Sobolev's inequalities 

that the right-hand-side is dominated by ||uq||^2, and therefore, letting q ^ 2* and 
R-^ +00 yields V^u G for aU i G {0,.'!.,fc}. We let G C^°°(E") be such 

that ?7|Bi(o) = 1: as easily checked, {r]{m~^-)u)m G C^(R") is a Cauchy sequence 
for the D^.— norm, and therefore u G D\{W^). This proves the claim. 

Step 5: We claim that 

(19) /^2* = — , 2 , , and hm 

We prove the claim. Since u G -D^(M"), we multiply p6|) by u and integrate to get 

/g„(A|u)^(iu5 = ^l2* f{xoo) /jj„ du^. Since w ^ 0, plugging this identity in the 
Sobolev inequality pT|) yields 



(20) / dwj > 



1 



ti2*f{xoo)K{n,k) 



We let m := |0g(2;oo)| if |Og(xoo)| < oo, and any m G N \ {0} otherwise. We let 
(Ti....,(T„j G G be such that cJi{xoo) 9^ o-j{xoo) for all i,j G {l,...,m}, i 7^ j. We fix 
S < imiii^j{dg{z, z')/ z ^ z' £ Ooixoo)}- The G— invariance yields 

/* ^^^^ p p 

(21) 1 = / fuldvg>y2 !uldvg = m fU^dVg 

JM ^^iJBs{cr,{x^)) JBs(x^) 

fu^dvg = m ) [ f{exp {Pq-))Uldvg^ 



> 



for all q G (2, 2*) and all R > 0. Letting q — ^ +cxd, and then R +00 and using 
pl)) . we get that 



1 > I hm 

>2* a, 



l3q\"' rnf{xo 



iH2*f{x^)K{n,k)y- 
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In particular, since jiq > Uq with ()18|) . we get an upper-bound for m, and therefore 
Og(x)| < oo, and we take m = \Og{x)\. The inequahty rewrites 

21. 2k(n-2k) 

2 \Og{xo.)\- ( fiq 



11 {(Cg) > • 2 • 1™ — 

It then fohows from (IT^ and (IT51) that holds. Moreover, we also get that 
equality holds in (PU)) and that u is an extremal for the Sobolev inequality (ITT]) . 
This proves the claim. 

Step 6: We claim that 

(22) fu^dyg \0^{ )| '^'^Q^^^ ^'^^ sense of measure when q — > 2*. 

We prove the claim. Since equality holds in (PO)) . that limq^2* = 1 ^i^d that 
(flQl) holds, we get with a change of variables that 

(23) lim lim / fuldvg = f(xoo) [ dvf = — . 

For (5 > 0, we let ^^(Og (2;oo)) be the union of balls of radius S centered at the 
orbit. Therefore, since J^^ fu^dvg = 1, (I2ip . (|23)) and the G— invariance yield 

(24) lim / /u« dvg = 

for all 5 > 0. Consequently, limg_j.2* ^Bs(z) ■f'^q "^^s ~ m '^'-'^ all (5 > small enough 
and all z g Og{x). Assertion (|22|) then follows. This proves the claim. 
Step 7: We claim that there exists C > such that 

(25) dix,OG{Xq))^Ug{x) <C 

for all X e and all q G (2, 2*). 

We prove the claim. This pointwise inequality has its origins in Druet [10] . We 
define Wq{x) := d{x,OGixq))^~Uq{x) for all q G (2,2*) and all x G M. We argue 
by contradiction and assume that limq^2* ||wg||oo — +oo. We define {yq)q£(2,2*) G 
M such that 

(26) meixwqiy) = w,(j/<,) +oo 

when q -> 2*. We define -jq := Uq{yq)^^^ for all g G (2, 2*). It follows from ([^ 
that 

(27) lim Uq{yq) = +oo and lim 7„ = 0. 

g— ^2* g— >2* 

As easily checked, coming back to the definitions of aq and /3g, it follows from (fT9|) 
that limg_>.2* Uq{xq)'^ ~'' = 1. Therefore, since Uq{yq) < Uq{xq) for all q and ([27]) 
holds, we get that limg^2* 7g ~' = 1- We define 

n-2k 

Uq{x) -.^ Jq Uq{exPy^{jqX)) 

for ah q G (2,2*) and all x G i?^-^-i(0) where (5 G (0,ig(M)). Arguing as in Step 2 
and using that limg^2* Iq ^'^ — I, we get that 

(28) P-g^Uq - A*,(l + o(l))/(exp^j7,.))S« in B,^-i{0) 
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for all q G (2, 2*), where lim^^2* o(l) = uniformly. We fix i? > 0. It follows from 
the definition ([26l) of Wq and j/g that 

(29) d{expy^{jqx),OG{xq))'^Uq{x) < d{yg,OG{xg))'^ 

for all X G -Bfl(O) and q £ (2.2*). The limit Wq{yq) +oo when (7—5-2* rewrites 
YiuYq^2<' lq^dg{yq,OG{xq)) = +oo: therefore, there exists go G (2,2*) such that 
d{eyi^y^{-fqx),OG{xq)) > d{yq,0G{xq))/2 for all x £ Br{0) and ah q e (go, 2*), and 

it follows from (gH) that < Uq{x) < 2^ for aU x e Br{0) and aU g G (go, 2*). It 
then follows from (|28|) and standard elliptic theory (see for instance [1]) that there 
exists u G C^''(R") such that limg_^2* = m in Cf^^{W). Moreover, u > and 
72(0) = limg_i.2* UqiO) = 1, and then u ^ 0. In particular, 

(30) lim hm / /u^ dvg = /(j/oo) / dv^ 

where j/oo limg^2* Since limq^2* lq^dg{yq,OG{,Xq)) = +00 and 7, > ctg = 
(1 + o(l))/3g when g — 2*, we get that for any R,R' > 

BR^M^BR,f,^{0G{Xq))^9 

where g — )■ 2*. We let cri, am G G be such that 00(2^00) = {o'i(a;oo), crmixoc)} 
and these points are distinct: as easily checked, we have that U^LiBr' p^{ai{xq)) C 
Br' ii^{OG{xq)) and the balls are distinct. Therefore 

fuldVg> [ fuldVg+y^[ fu'JdVg 

for all g G (2, 2*) and R, R' > 0. Letting g 2*, then R, R' +00 and using (QSH 
and (PD|) . we get that 

1 > /(2/00) / u'* di'c + 1. 

a contradiction since u ^ 0. Then (|26|) does not hold and therefore ([25|) holds. This 
proves the claim. 

Step 8: We claim that 

(31) lim Mg = in Cfj;(M \ Og{x^)). 

g— f 2* 

We prove the claim. We fix CC M\ Og{xoc,) a relatively compact subset. It 

follows from Step 7 that there exists C(n) > such that Uq{x) < C{n) for all x G 
and all g G (2,2*). It then follows from ([9]) and standard elliptic theory (see for 
instance pj) that there exists Mqo G C°°{M \ Og{xoo)) such that limg^2* Ug = Uoo 
in Cf„c(^)- It then follows from ([24]) that = 0, and then ([31]) holds. This proves 
the claim. 

The following remark will be useful in the sequel: since ||ug||p = /ig — > ^2* when 
g — > 2* and Ug ^ in C^*^ outside the orbit, we get from the compact embedding 
Hi ^ Hl_^ that 

(32) hm Uq = Q strongly in HI_-^{M) 

g->2* 

Step 9: We claim that Vf{xao) = 0. 



ADMISSIBLE Q-CURVATURES 



15 



We prove the claim. Indeed, this is equivalent to proving that X{f){xoo) = for 
all vector field X on M. With no loss of generality, we assume that VX{xoo) — 
(this is always possible by modifying X in a normal chart at Xoo) and that X has 
its support in Bs{xoo), where 6 < min{dg(z, z') / z ^ z' ^ Og{xoo)}- We are going 
to estimate /^^ X(uq)A^Uq dvg with two different methods. We detail here the case 
k = 21 even and we leave the odd case to the reader. 

Integrating by parts, we have that 

/ X(Ug)AfUgdVg^ I A'^ {X {u g)) A'^U g dV g ^ j X {A'gU g) A'gU g dV g 

JM JM JM 

+ I A'gUgA'g-^{Ag{X{^'g-'Ug))~X{^'gUg)) dVg. 

Using the explicit contraction in (O, we get that 

Ag{X{v)) - X{Agv) = {AgX){Vv) - 2{VX, V^v) - Ricg{X, Vw), 

where v G C°°(M) and AgX is the rough Laplacian, that is (AgX)" = -g'^V^jX". 
Therefore, we have that (for convenience, we omit the curvature tensor R) 

Ag{X{Al-^Ug)) - X{AlUg) = V^X ★ V^^-^Ug + VX* V^'Ug +X* V^'^^Uq 

for all i G {1, I}, and then, denoting as V^^^T any linear combination of covari- 
ant derivatives of T up to order m, we get that 

A'-^ {Ag{X{Al-\))-X{Alug)) 

= A'g-'{W^X ★ W^'-^Ug + VX ★ V^'Ug + X * V'^'-^Ug) 

and then 

/ X{Ug)AfUgdVg^ [ X (A'^Ug) A^^Ug dv g 

JM JM 

+ / A^u, (v^2+2'}X*V{2'-i>Ug + VX + V^'u,) dvg 

JM ^ ' 

= / X{A\ug)A\ugdvg+ ^ * V ^ +2 } ^ * V ^ " 1 ^ dz;^ 

JM JM 

+ I AgUgVX -kW'^'-Uqdvg 

JM 

Since A: = 2^, it follows from and the Cauchy-Schwarz inequality that 

A^^., * V{2' + 2}X * S/i^'-'^Ug dVg - O (^\\Ug\\Hl ^ = ^(l) 

when q 2*. Moreover, since VX{xoo) — and |3T|) holds, we get that 

/ A^gUgVX irV^^UgdVg ^ 0{\\Ug\\Hl) ^ 0{1) 

JM 



16 



FREDERIC ROBERT 



when q 2*. Therefore, integrating by parts, we get that 

/ XiUq)AfUgdVg= [ XiA%)A'gUgdVg+0{l) 

JM JM 



A/ \ ^ / JM 



when q ^ 2* and where diVg{X) = ViX\ Since VX{xoo) = 0, dST]) holds and 
llMg||if2 < C for all q — >■ 2*, we get that the right-hand-side above goes to zero, and 
then 

(33) lim / X{uq)Al'uqdvg = Q. 

We now estimate Jj^j X{uq)A'^^Uqdvg using equation ([9]). It follows from ([4]) that 

k — l 

I X{Ug)PgUgdVg= I A\X {u q) A\u q dv g + ^ (/) ( ^ ^ K ) , V' ) dz^g 

JM JM JM 



It then follows from (|32p and an integration by parts that 



X{Uq)AfUq dVg = / X{Uq)PgUq dVg + o(l) 
M JM 

when g — 2"^. We now use equation ([9]) to get that 

X{Uq)Afuq dVg ^^iq fX{Uq)u'^q-^ dVg + o(l) 

M JM 

= llq [ fx(^) dVg = -^ [ {X{f)+fdiYg{X))u'^qdVg+0il) 

JM \ Q / 1 JM 

when q ^ 2*. It now follows from Proposition [HI (1^^ and VX{xoo ) ~ that 

fJ'2*X{f){Xoo) 



lim / X{Uq)AfuqdVg 



This limit combined with ([55)1 yields X(/)(.Too) = 0, which, as already mentioned, 
proves that V/(xoo) = 0. This ends Step 9. 

Theorem [2] is a direct consequence of Steps 1 to 9. 

As a direct byproduct of Theorem [5J we have the following proposition: 

Proposition 8. Let (Af, C) be a conformal Riemannian manifold of dimension 
n > 3 and let k (z N* be such that 2k < n. Let G be a group of diffeomorphisms 
such that Cg and let f € Cq'_|_(M) be a positive G~invariant function. Assume 
that there exists g G Cq such that Pg satisfies (C) and (PPP). We assume that 



n-2k f{x)^K{n,ky 

for all X G M . Then there exists g € Cg such that Qg — f and the infimum iif^Cc) 
is achieved. 

A similar result was proved in jT5) for k = I and in ^2] when n — 2k. 
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5. The case of the sphere 

We consider here the standard unit n— sphere §" endowed with its standard 
round metric h and the associated conformal class C := [h]. 

Proposition 9. Let G be a subgroup o/ /sor7ift(§") and let f G Cg'_|_(§") be a 
smooth positive function. Let p £ S" be such that f{p) = for all i G {1, ...,n — 
2k} and |Og(p)I > 2. Then 



n~2k K{n,k)f{p)^' 

Proof. Given A > 1 and xq £ we let (f)\ : §" §" be such that (j)\{x) = 
''^xo{'^~^''^xo{^)) if X Xq and (f>\{xo) = xq, where n^g is the stereographic projec- 
tion of pole Xq. Up to a rotation, we can assume that xq := (0, 0, 1) is the north 

pole: then we have that {n^^)*h = U{^^ where Ui{x) := ((1 + |x|^)/2) " . 
As easily checked, is a conformal diffeomorphism and standard computations 

yield (t>\h = u^h where /3 (A^ + 1)(A2 - and 



13 — cos dh{x, xo) 
for all X G S" and /3 > 1. In particular, we have that 

(34) / u^p p dvh = a;„ 



where a;„ > is the volume of (§" , /i) . It follows from the conformal law ([2]) that 
(35) PhUa:o,i3 = ^n^kQ hul^'^p^ in §" with c„,fc := " 

We now fix p G §" as in the statement of Proposition Inland we let cti, ...(Jm G G be 
such that Og{p) ~ {cri(p), ...,am{p)} and |Og(p)| ~ m> 2. We define 

m 
1=1 

for all /3 > 1. One checks that up is positive and G— invariant. Let us estimate 

Ih{up) 



/g„ upPhUp dvh 

/g„ ful* dVh) ^ 



The G— invariance and ([35]) yield 



UpPhUpdVh = Cn,kQh2Z / '^<Ti{p},l3ul.(^p)^pdVh = mCn^Qh i^n + dp) 

where we have used (l34l) and where 



1=2 



df, := ^ ' I up^pU^p^^^f^^-^ dvh 



for all /3 > 1. Standard computations yield 

d^ = (l + o(l))Ap,G(/3'-l) 
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when /3 — s> 1, where 

Ap,G := ^ (1 - cosd„(x,p))'=-"/2 dvh^ ■ £ " cos a, (p) dvh > 0. 

Concerning the denominator, it follows from the cancelation hypothesis on the 
derivatives of / that \f{x)-f{p)\ < Cdh{x,OG{p)T~'^^"^^ for all a; G S". Therefore, 
rough estimates yield 

for all /3 > 1. A convexity inequality yields 

m „ 



i=l i^^J 
> m{ujn + '2*di3) 

2* -2 

Noting Ap,G > and that Cn,kQhU!n^' — K{n,k)~^ (since pulling back Ujs^p by 
the stereographic projections gives C/i, an extremal for ([TT|) ). these estimates yield 

/.M < ■ (i - ^(/^^ - + »((/^^ - ) 

f{p)2'K{n,k) V 

^ |Og(p)|^ 
/(p)*i^(n,fc)" 

Coming back to the definition of fif{CG), this proves Proposition |9l □ 

Proof of Theorem [TJ In the case n — 2k + 1, it follows from Proposition |4] and 
mthat Case (i) of Theorem [2] cannot hold. Therefore Case (ii) holds, and Theorem 
[l]is proved. 

More generally. Propositions |4] and [71 Theorem [2] and Proposition HI yield: 

Theorem 3. Let k > I and let G be a subgroup of isometries of (S",/i), n > 2k. 
Let f G C°°{M) be a positive G— invariant function and assume that G acts without 
fixed point (that is \Og{x)\ > 2 for all x G S"J. Assume that there exists p G S" 
such that 



for all a; G S" and that ^^f{p) — for all i G {l,...,n — 2k}. Then there exists 
g G [h] such that Qg ~ f and G C /somg(S"). 
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